In this paper, we propose efficient numerical methods for computing ground states of spin-1 Bose-Einstein condensates (BECs) with/without the Ioffe-Pritchard magnetic field B(x). When B(x) = 0, a numerical method is introduced to compute the ground states and it is also applied to study properties of ground states. Numerical results suggest that the densities of m F = ±1 components in ground states are identical for any nonzero B(x). In particular, if B(x) ≡ B = 0 is a constant, the ground states satisfy the single-mode approximation. When B(x) ≡ 0, efficient and simpler numerical methods are presented to solve the ground states of spin-1 BECs based on their ferromagnetic/antiferromagnetic characterizations. Numerical simulations show that our methods are more efficient than those in the literature. In addition, some conjectures are made from our numerical observations.
Introduction
Since its first realization in 1995, Bose-Einstein condensation (BEC) has become an important tool to investigate behaviors of quantum many-body system. In earlier BEC experiments, atoms were confined in a magnetic trap, where their spin degree of freedom was frozen [1, 12] . Recently, the development of optical trapping techniques has enabled to confine atoms independently of their spin orientation and thus result in so-called spinor condensates. The spinor BEC has revealed numerous exciting new phenomena which are not possessed by single-component (spin-frozen) condensates. It has provided a unique possibility of exploring fundamental concepts of quantum mechanics in a remarkably controllable and tunable environment [32, 33, 31] .
In the mean-field approximation, a spin-F (F ∈ N) condensate can be described by coupled Gross-Pitaevskii equations (CGPEs) consisting of 2F + 1 equations, and each of them governs one of the 2F + 1 Zeeman states (m F = −F , −F + 1, . . . , F − 1, F ). For example, a spin-1 BEC is described by the following dimensionless CGPEs [14, 27, 8, 6, 7, 32] 2 ) with γ x , γ y and γ z being the dimensionless trapping frequencies in x-, y-and z-directions, respectively. The constants β n and β s describe the spin-independent interaction and spin-exchange interaction, respectively, and they are proportional to the total number of atoms N. If β n > 0 (resp. < 0), the spin-independent interaction is repulsive (resp. attractive), while when β s > 0 (resp. < 0), the spin-exchange interaction is antiferromagnetic (resp. ferromagnetic). The dimensionless function B(x) ∈ C represents the external Ioffe-Pritchard magnetic field [13, 16, 18] . In addition, f * represents the complex conjugate of a function f . There are two important invariants of (1. dx, (1.5) for t 0, i.e., E 0 (Ψ (·, t)) represents the energy when B(x) ≡ 0. In the case of B(x) ≡ 0, the energy E 0 (Ψ (·, t)) is also conserved, i.e., E 0 Ψ (·, t) ≡ E 0 Ψ (·, 0) , t 0, when B(x) ≡ 0.
(1.6) Furthermore, the total magnetization is conserved when B(x) ≡ 0, i.e.,
M Ψ (·, t) :=
with −1 M 1.
Ground state, a stationary state with the lowest energy, plays an important role in understanding the properties of BECs. There have been many experimental and mathematical studies on ground states of spin-1 condensates. In [30] , the phase diagram of the ground states of spin-1 BECs was first reported in the Thomas-Fermi regimes. The phenomena of broken axisymmetry phase were observed in [26] for spin-1 ferromagnetic condensates. Recently, Matuszewski et al. compared the phase separation of the ground states in the ferromagnetic and antiferromagnetic systems [22, 23] . Cao et al. proved the existence of the ground states in one-dimensional condensates [9] . On the other hand, some numerical methods have been proposed in recent literature to compute ground states of spin-1 BECs in the absence of the external Ioffe-Pritchard magnetic field (i.e., B(x) ≡ 0 in (1.1)). For instance, Bao and Wang proposed in [6] a continuous normalized gradient flow (CNGF) and constructed a Crank-Nicolson finite difference scheme to discretize it. In [7, 19] , Bao and Lim introduced a gradient flow with discrete normalization (GFDN) and they used the sine pseudo-spectral method to discretize it. It has been pointed out in [7] that GFDN type method is computationally more efficient than CNGF in [6] . Chen et al. proposed a pseudo-arclength continuation method to compute the ground states of spin-1 BECs [10] . To the best of our knowledge, all these methods focus on computing the ground states of spin-1 BECs where B(x) = 0 and so far there are still no numerical reports about the ground states when B(x) = 0. In addition, to obtain the ground states in the cases of B(x) = 0, all the available methods solve three-component CGPE type equations, which makes the simulations very costly. We notice that when B(x) = 0, the ground states of spin-1 BECs can be simplified to a single-mode (resp. two-component) reduction for ferromagnetic (resp. antiferromagnetic) systems [17, 34, 20] . Thus, the ground states in this case can be effectively found by solving the reduced single or two-component systems instead of the original three-component one.
In this paper, we propose (i) a numerical method for computing ground states of spin-1 BECs when B(x) = 0; (ii) efficient and simpler methods for the case when B(x) ≡ 0, by taking into account their ferromagnetic and antiferromagnetic characterizations. It is organized as follows. In Section 2, we propose a numerical method to compute the ground states when the Ioffe-Pritchard magnetic field B(x) = 0. While when B(x) ≡ 0, the ground states of the three-component system (1.1) are characterized by those of the corresponding reduced systems, i.e., the single-mode and two-component reductions for the ferromagnetic and antiferromagnetic condensates, respectively. The reductions of the ground states for ferromagnetic and antiferromagnetic spin-1 BECs are discussed in Section 3, followed by their numerical discretizations. Numerical results of ground states as well as comparison between different methods are presented in Section 4. In Section 5, we draw some conclusions and conjectures based on our numerical observations.
Numerical methods for ground states with nonzero B
Some numerical methods have been recently proposed in the literature [6, 7, 19, 10] to compute ground states of spin-1 BECs in the absence of the Ioffe-Pritchard magnetic field B(x). However, there is still no numerical report on the ground states when B(x) = 0. In this section, we propose a numerical method for computing ground states of spin-1 BECs with nonzero B(x).
T is defined by minimizing the energy functional E in (1.4) subject to the normalization of wave functions in (1.3), i.e.,
where the set S is defined by
It is easy to see that the ground state Φ g defined in (2.1) satisfies the following Euler-Lagrange equations
with the constraint of normalization 
In fact, the Euler-Lagrange equations in (2.2) can also be obtained from the time-dependent GPEs in (1.1) by substituting the ansatz Various algorithms have been proposed in the literature to find minimizers of the energy functional under constraints.
While the imaginary time method (i.e., replacing t with −iτ in (1.1)) is one of the most popular approaches in studying the ground states of BECs. It can be mathematically justified by the normalized gradient flow [11, 3] . In this paper, we will develop our numerical methods for computing ground states of spin-1 BECs based on the gradient flow with discrete normalization; see more information in [3] . Choose a time step t > 0 and define the time sequence as t n = n t for n = 0, 1, . . . . Then in each time interval [t n , t n+1 ], the gradient flow with discrete normalization (GFDN) is given by 5) followed by a projection step as
. The gradient flow in (2.5)-(2.6) can be viewed as first applying the steepest descent method to the energy functional in (1.4) without constraint and then projecting the solution back to the unit sphere to satisfy the normalization constraint in (2.3).
In order to solve the GFDN numerically, we discretize (2.5) by using the sine pseudo-spectral method for spatial derivatives and the backward/forward Euler scheme for linear/nonlinear terms of temporal derivatives [4, 35] . In the following, we will give a detailed description of our numerical method. Notice that because of the confinement of the external trapping potentials, the wave function Φ in (2.5) decays to zero exponentially fast when |x| → ∞. Thus, in practical computations we can truncate the problem into a bounded computational domain Ω with homogeneous Dirichlet boundary conditions, i.e., 
xx is a sine pseudo-spectral differential operator approximating ∂ xx , which is defined by
where U l denotes the l-th coefficient of the discrete sine transform of the vector
The constant α n j 0 ( j = 1, 0, −1) is a stabilization parameter, which is chosen in the "optimal" form (such as the time step can be chosen as large as possible) (see, e.g., [35, 7, 19] ). The projection step in (2.6) is discretized as
for −1 j 1 and 1 k K − 1. In addition, the initial condition is discretized as 11) and the boundary conditions are
The discrete system (2.8), (2.11) and (2.12) can be efficiently solved by the discrete sine transform. In fact, taking the discrete sine transform at both sides of (2.8), we obtain φ (1) 
for l = 1, 2, . . . , K − 1 and n = 0, 1, . . . . Since the discrete sine transform is used, the memory required to solve the above system is O (K ) and computational cost per time step is O (K ln(K )). The simulation is stopped by requiring that max
where ε is a chosen small tolerance. The resulting solution Φ := lim n→∞ Φ n+1 is the ground state of the spin-1 BECs.
Numerical methods for ground states with B = 0
In Section 2, we present a numerical method to compute ground states of spin-1 BECs when B(x) = 0, while in this section we will study the ground states when B(x) ≡ 0. In the former case, ground states are minimizers of the energy E in (1.4) under the constraints of normalization in (1.3). However, when B(x) ≡ 0, they also need to satisfy the conservation of magnetization defined in (1.7). In detail, the ground state
where E 0 is the energy functional defined in (1.5) and S 0 is a nonconvex set defined as
with −1 M 1 a given fixed total magnetization. Note that when β n > 0, |β s | β n and lim |x|→∞ V d (x) = ∞, the existence of a minimizer of the nonconvex minimization problem (3.1) follows from the standard theory [9, 21] . In fact,
T with θ 1 + θ −1 − 2θ 0 = ±mπ for any integer m. Similarly, the ground state Φ 0,g (x) defined in (3.1) also satisfies the following Euler-Lagrange equations:
with the constraints
where μ and λ are the Lagrange multipliers (or chemical potentials) of the time-independent CGPEs (3.2)-(3.3). The CGPEs in (3.2) can be also obtained from its time-dependent counterpart (1.1) with B(x) ≡ 0 by substituting the ansatz
Recently, there have been some numerical methods proposed in the literature (see, e.g., [6, 7, 19, 10] ) to compute ground states of spin-1 BECs when B(x) = 0 and all of them directly solve the system of three-component equations. However, we notice that when B(x) = 0, the ground states of spin-1 BECs in fact can be described by a single-mode or two-component reduction based on their ferromagnetic or antiferromagnetic characterizations [20] . As a result, we can introduce numerical methods based on the characterization of spin-1 BECs so as to reduce the computational costs in computing ground states of spin-1 BECs. In the following, we will discuss the ferromagnetic and antiferromagnetic system separately. For each system, we will start with reviewing its characterization properties and then propose numerical methods to solve the reduced system.
Ferromagnetic system
Experimental observations [17, 28, 15] and numerical simulations [34, 6, 7, 19] suggest that in ferromagnetic (β s < 0) spin-1
BECs, each component of the ground state is a multiple of one single density function. This is so-called the single-mode approximation (SMA) in the literature, which has been justified rigorously in mathematics by Lin and Chern in [20] . As a result, in this case one can compute just one density function instead of three. To show it, we denote ρ(
as a scalar real-valued density function and require it satisfy the normalization condition
T be the ground state of a ferromagnetic spin-1 BECs. Based on the single-mode approximation, we can set
with constants γ j 0 (for j = 1, 0, −1). Noticing that the ground state Φ g (x) is defined under the constraints of normalization and magnetization described in (3.3), we obtain
Substituting (3.6) into (1.5) and taking (3.7) into account, we obtain
Notice that the minimization of (3.8) over ρ and (γ 1 , γ 0 , γ −1 ) is separable [20] . Thus, we can take minimization of (3.8) first over (γ 1 , γ 0 , γ −1 ) and then over ρ.
2 , subject to (3.7), which gives the constants
Taking (3.9) into account, we define the SMA energy 10) where the constant κ = β n + β s . It is obvious that minimizing E 0 (Φ g ) in (3.8) with constraints (3.3) is equivalent to minimizing E sma (ρ) with the normalization in (3.5) [20] .
From the above, we know that for a ferromagnetic system, we can in fact solve for the density function ρ and then obtain the ground state of the corresponding spin-1 BECs by combining (3.6) and (3.9) . In detail, we solve the following single-component minimization problem:
ρ∈S sma E sma (ρ) (3.11) over the set
The Euler-Lagrange equation corresponding to (3.11) is given by (3.12) with the constraint ρ(·) 2 = 1. This is a nonlinear eigenvalue problem with the normalization constraint and the eigenvalue μ sma can be computed from
(3.13)
Similar to that in Section 2, to find the minimizer of (3.11) we solve a gradient flow with discrete normalization and its discretization will be presented for 1D case for simplicity. Generalizations of the method to higher dimensions are straightforward. For t ∈ [t n , t n+1 ], the 1D GFDN corresponding to (3.11) is given by 14) ρ x, t 15) where the computational domain [a, b] is chosen to be sufficiently large and homogeneous Dirichlet boundary conditions ρ(a, t) = ρ(b, t) = 0 are imposed. At t = 0, the initial condition is given by
To discretize (3.14)-(3.16), we use the sine pseudo-spectral method for spatial derivatives and the backward/forward Euler scheme for linear/nonlinear terms of the time derivative. The detailed scheme is given as below:
where ρ n k is the numerical approximation of ρ(x k , t n ), ρ n is a vector with components ρ n k and ρ (1) 
The term 
The initial and boundary conditions are discretized as 20) respectively. This discrete system can be efficiently solved in the same manner as that for (2.8), (2.11) and (2.12).
Antiferromagnetic system
In an antiferromagnetic (β s > 0) system, the density distribution of atoms in ground states highly depends on the total magnetization M. It was shown in [20] that if M = 0, the ground states have vanishing zeroth m F = 0 component, i.e., φ 0,g (x) ≡ 0. As a result, the original three-component system is indeed characterized by a two-component reduction. However, if M = 0, the ground states of three components satisfy the SMA as given in (3.6). But different from ferromagnetic systems, in this case the constants γ j are not unique and they are given by γ 1 = γ −1 = ξ and γ 0 = 1 − 2ξ 2 for any constant ξ ∈ [0, 1/ √ 2]. For the detailed mathematical proof, we refer the readers to [20] . In the following, we review the two-component reduction and discretize it for computing ground state of antiferromagnetic spin-1 BECs when B = 0 and M = 0. For the case of M = 0, the numerical method is identical to that we described in Section 3.1 and thus it is omitted here for brevity.
Let Φ g (x) be the ground state of an antiferromagnetic spin-1 BEC with B = 0 and M = 0. Since φ 0,g (x) ≡ 0 in this case, the ground state energy E 0,g reduces to 21) where the constants χ = β n + β s and ν = β n − β s . From the constraints of normalization and magnetization in (3.3), it is easy to obtain
On the other hand, we define a two-component energy
It is easy to verify that the ground state (φ 1,g , φ −1,g ) minimizes the energy E tca under the constraints (3.22) . Hence, the minimization problem defined in (3.1) to find the ground state of an antiferromagnetic spin-1 condensate can be reduced to the following two-component minimization problem:
over the set
The ground state of the associated antiferromagnetic spin-1 BECs can be obtained by
.
The Euler-Lagrange equations corresponding to the minimization problem in (3.24) are given by 
, (3.29) and at time t = 0, the initial conditions are given by
In practice, the above gradient flow can be solved in a bounded domain Ω with homogeneous Dirichlet boundary conditions u 1 (x, t) = u 2 (x, t) = 0, x ∈ ∂Ω, t 0, (3.31) due to the confinement of the external trapping potentials.
Next we will give the discretization of (3. 
where u
| 2 for j = 1, 2, and
The operator D s xx is defined in (2.9). The homogeneous Dirichlet boundary conditions are discretized as
. . , (3.34) and the initial conditions are discretized as
For each time step, the discrete system (3.32)-(3.35) can be solved in the same manner as that for (2.8), (2.11) and (2.12).
Relation between different minimization problems
As we have seen, the ground states of spin-1 BECs are always defined by constrained minimization problems, e.g., (2.1)
for B = 0 and (3.1) for B ≡ 0. In the following, we will describe the relation between different minimization problems. When B = 0, the ground state can be obtained by minimizing the energy functional E 0 subject to the conservation of both normalization and magnetization. While when B = 0, the energy E is minimized by requiring only the conservation of normalization. To see the relation between these two minimization problems, we introduce Φ
where for a given M ∈ [−1, 1], the set S M is defined as
That is, Φ M g is a minimizer of the energy functional E subject to the conservation of both normalization and magnetization M, where M is a given fixed constant. To obtain the minimizer of the energy E with only the constraint of normalization, one needs to further minimizer E M g in (3.36) with respect to −1 M 1. Thus, the minimization problem in (2.1) is equivalent to
which decomposes (2.1) into two minimization problems. The inner minimization problem is similar to that defined in (3.1)
but with different energy functional, while the outer minimization only involves one variable M ∈ [−1, 1]. In the form of (3.37), one can see the effect of the magnetization M on the ground states when B = 0. On the other hand, the minimization problem in (3.1) is over three wave functions φ j (for j = 1, 0, −1) subject to two constraints. These constraints specify the normalization and total magnetization of the ground states. However, to better understand each component in the ground state, we want to know the norm of individual component. To this end, we define Φ α 0,g (x) as the minimizer of the following nonconvex minimization problem: (3.38) where α ∈ [0, 1] is a given constant and S α 0 is a nonconvex set defined as
The minimization problem (3.38) has three unknowns φ α j ( j = 1, 0, −1) and the same number of constraints, which is much easier than the problem in (3.1). In fact, the minimizer Φ α 0,g can be viewed as a ground state which satisfies the conservation of the total normalization and magnetization as described in (3.3) and also the conservation of the norm for each component.
It is easy to see that to find the ground states Φ 0,g in (3.1), one can first fix α and obtain Φ α 0,g by minimizing (3.38), and then minimize E α 0,g over α ∈ [0, 1]. Thus, the problem in (3.1) can be decomposed into two minimizing processes, i.e.,
(3.39)
By minimizing E α 0,g over 0 α 1, one can easily obtain the relation between three components in the ground states.
Numerical results
In this section, we first test the accuracy of spatial discretization in our numerical methods and then apply them to compute ground states of spin-1 condensates. We remark here that the ground states computed numerically, in general, are independent of time step and time discretization. The ground states are studied when B(x) = 0 and some conjectures are made from our numerical observations. In the case of B(x) ≡ 0, we first compare the performance of our methods with those proposed in the literature [6, 7, 19] . Then we apply our efficient methods to study the ground states of the ferromagnetic and antiferromagnetic spin-1 BECs. In all simulations, the ground states are obtained by setting the tolerance ε = 10 −6 .
Numerical accuracy
In order to test the accuracy of the spatial discretization of our methods in different cases, we take d = 1, V 1 (x) = Table 1 and additional results not shown here for brevity, it is easy to see that our numerical methods are spectral order accurate in space for computing the ground states and its energy. Therefore when the solution changes rapidly with optical lattice potential and/or high accuracy is required, in general, our methods need much less grid points than those low-order finite difference or finite element methods, and thus the memory cost and/or computational cost will be saved significantly, especially in 2D and 3D.
Numerical results for B = 0
In the following, we study ground states of spin-1 BECs when B(x) = 0. We start with 1D condensates and both the ferromagnetic and antiferromagnetic systems are considered. Then the ground states of 2D spin-1 BECs are studied for different Ioffe-Pritchard magnetic field B. 
Example 1.
We study ground states of 1D spin-1 condensates confined in a harmonic potential V 1 (x) = x 2 /2. In our simulations, we choose computational domain [−32, 32] , mesh size x = 0.03125 and time step t = 0.001. The parameters β n = 400, and β s = ∓250 for ferromagnetic and antiferromagnetic cases, respectively. Then we study the following two cases:
Case I. B(x) ∈ C is a periodic function of x ∈ R. Fig. 1 shows the ground states in both ferromagnetic and antiferromagnetic systems, where B(x) = cos(x) + i cos(x) or B(x) = cos(x) + i sin(x). We see that the density functions of ground states are always symmetric with respect to x = 0 which is the center of external trap V 1 (x). In addition, the m F = ±1 components have the same density, which implies that when B(x) is nonzero, the stationary states with total magnetization M = 0 have the lowest energy.
Case II. B(x)
≡ B ∈ C is a constant. Fig. 2 shows the ground states for the constant field B = 3 + 4i. From it and our extensive simulations (not shown here for brevity), we find that when B(x) is a constant, the ground states satisfy exactly the single-mode approximation defined in (3.6), which is independent of ferromagnetic or antiferromagnetic characterizations. ; (ii) the SMA density function depends only on interaction parameters β n and β s but not on constant B; (iii) the SMA ground state energy depends on the modules of B, i.e., |B|, instead of B.
To further study the SMA energies in Case II, we compute the ground states with respect to different parameters β n , β s and B. Figs. 3-4 present the ground state energy for ferromagnetic and antiferromagnetic cases, respectively. We see that if the constant |B| is fixed, the larger the constant β n + β s , the higher the ground state energy, which holds for both ferromagnetic (cf. Fig. 3 left) and antiferromagnetic (cf. Fig. 4 left) cases. On the other hand, for fixed β n + β s , the ground state energy depends on |B| instead of B; see Fig. 3 right and Fig. 4 right for ferromagnetic and antiferromagnetic cases, respectively, where real-valued constants B are chosen. For fixed β n + β s , the energy in ferromagnetic system linearly depends on |B|. However, in antiferromagnetic case, the same constants β n + β s and |B| may result in different ground state energy (cf. Fig. 4 right) . 
Numerical results for B = 0
Next, we first compare our methods in Section 3 with those proposed in the literature [6, 7, 19, 10] . Then we apply our methods to study ground states in ferromagnetic and antiferromagnetic systems when B(x) = 0.
Comparison of different methods
Numerical methods presented in [6, 7, 19, 10] for computing ground states of spin-1 BECs are computationally intensive because they solve a coupled three-component system. However, our methods introduced in Section 3 take into account the ferromagnetic or antiferromagnetic characterizations of the corresponding ground states and thus provide more efficient approaches for simulating the ground states in the case of B(x) ≡ 0. To show the effectiveness of our methods, we compare them with that proposed in [7] , which we will refer to as Bao-Lim's method for simplicity. We remark here that it has been pointed out in [7] that Bao-Lim's method is more efficient than other methods proposed for computing ground states of spin-1 BECs in the literature, and hence in the following we will only compare our method with Bao-Lim's method. Different methods are compared in terms of the ground state energy and the computing time.
In the following, we consider 1D cases, i.e., d = 1, and the external potential is chosen as V 1 (x) = x 2 /2. The problem is solved in a computational domain [−32, 32] with K = 2048, i.e., the mesh size x = 0.03125. The time step is t = 0.001 in our simulations. We denote N as the total number of atoms and choose N = 10 000 in the following examples. Since in ground states we have M ↔ −M ⇔ φ 1 ↔ φ −1 , here we will only present the results for 0 M 1.
Example 3.
We consider a ferromagnetic spin-1 condensate with β n = 0.08716N and β s = −0.001748N. The values of the interaction parameters β n and β s correspond to the experimental setup of 87 Rb confined in a cigar-shaped trapping potential with parameters used in [24, 25, 29] . Correspondingly, the constant κ in the SMA formulation (3.10) is κ = 0.085412N.
For different magnetization 0 M 1, we compare the ground states computed by our method based on the singlemode approximation in (3.6) and (3.9) and by Bao-Lim's method [7] . Fig. 8 shows the density of each component in the ground states. Table 2 shows the ground state energy and computing time (in seconds) used by different methods. Note that here our motivation is to compare the speed of two methods in computing the ground states, and the programs by different methods are run on the same computer. We understand that the computing time can be shortened if one uses an advanced computer or does parallel computations, which however is beyond our interest here.
It shows in Fig. 8 that the ground states computed by our method are consistent with those by Bao-Lim's method for different magnetization M, where lines represent the results by our method and symbols represent those from Bao-Lim's method [7] . From Table 2 , we see that the ground state energies obtained from both methods are the same; furthermore, in this case the energy is independent of magnetization M. However, the computing time used by our method is much shorter (less than 6%) than that of Bao-Lim's method [7] . In addition, the computing time by Bao-Lim's method [7] depends variously on the magnetization M. 23 Na confined in a cigar-shaped trapping potential with parameters used in [24, 25, 29] . Similarly, we compare the ground states computed by these two methods in Fig. 9 and the ground state energies and computing time (in seconds) for different magnetization 0 M 1 are listed in Table 3 . We see that for a fixed magnetization M = 0, the two methods obtain the identical ground states with φ 0,g (x) ≡ 0. In addition, the ground state energy is also the same. However, Table 2 suggests that our method based on the two-component reduction is much faster than Bao-Lim's method [7] which solves a three-component system. Furthermore, even though our method solves a two-component GFDN, its computing time is much less (between 10% and 50%) than that used by Bao-Lim's method. We remark again that our motivation here is to compare the speed of these two methods. For this purpose, we run the programs of both methods on the same computer and their computing time might be reduced if an advanced computer is used.
The above one-dimensional examples have shown that our methods based on the ferromagnetic and antiferromagnetic characterization are much faster than Bao-Lim's method. For problems in 2D and 3D, the saving in the computational time is much more apparent. For example, the computational time used by Bao-Lim's method in 2D or 3D cases can different from severals hours to days, but our methods usually take several minutes or hours. 
Applications of our methods
In Section 4.3.1, we showed that our methods, based on the ferromagnetic or antiferromagnetic characterization of spin-1 BECs, obtain the same ground states as those by Bao-Lim's method [7] . However, the computing time consumed by our methods is much less, which makes them more efficient in computing the ground states of spin-1 condensates when B(x) = 0. In the following, we will apply our methods to study the ground states in different cases.
Example 5.
We test the dependence of ground state energies on the interaction parameters β n and β s as well as on the magnetization M. To do this, 1D spin-1 BECs with a harmonic external potential V 1 (x) = x 2 /2 are considered. The computational domain is [−32, 32] which is sufficiently large so that the truncation errors can be neglected. We choose the mesh size and time step as x = 0.03125 and t = 0.001, respectively. Then we consider the following two cases:
Case I. Ferromagnetic system with β s < 0. Fig. 10 (top) shows the ground state energy with respect to different interaction constants β n and β s and different magnetization M. It suggests that the energy monotonically increases with β n + β s increasing, but it is independent of the magnetization M. Furthermore when β n + β s is large, the ground state energy of a ferromagnetic spin-1 condensate can be approximated by the Thomas-Fermi energy of its SMA counterpart, i.e., where γ x is the trapping frequency in x-direction and in this example, we use γ x = 1.
Case II. Antiferromagnetic system with β s > 0. Fig. 10 (bottom) shows the ground state energy for different parameters β n , β s and M. Different from that in ferromagnetic cases, the ground state energy in an antiferromagnetic system depends on the constants β n + β s , β n − β s and the magnetization M. For fixed β n ± β s , the ground state energy increases when the magnitude of M, i.e., |M|, increases, and the energy reaches its minimizer at M = 0; see Fig. 10 (bottom, right). Case II. Antiferromagnetic system with β n = 300, β s = 100 and M = 0.5. Fig. 11 presents the density of ground states calculated from the single-mode reduction for ferromagnetic cases, and the ground states of the corresponding spin-1 BECs can be obtained by using (3.6) and (3.9) with M = 0.5. Fig. 12 shows the ground states of antiferromagnetic spin-1 condensates, where only |φ 1,g | = |u 1,g | and |φ −1,g | = |u 2,g | are presented since |φ 0,g | ≡ 0 in this case. Numerical simulations show that our methods based on the single-mode and two-component reduction are dramatically faster than the Bao-Lim's method [7] in higher dimensional cases.
Conclusions
We proposed efficient and simpler numerical methods for computing ground states of spin-1 BEC with/without the Ioffe-Pritchard magnetic field B(x). Noticing that there have been no numerical studies on the ground state of spin-1 BECs with B(x) = 0, we first introduced a numerical method for it. Then our methods were applied to study the ground states in both 1D and 2D cases. Our numerical results suggested that when B(x) = 0, the m F = ±1 components in the ground states always have the same density functions, which implies that the stationary states with the magnetization M = 0 have the minimum energy. In particular, if B(x) ≡ B = 0 is a constant, the ground states satisfy the single-mode reduction given in (3.6) with the constants γ ±1 = exactly. We will leave its rigorous mathematical justifications for future work.
On the other hand, when B(x) = 0, we took into account the ferromagnetic or antiferromagnetic characterizations of the ground states [20] , which results in efficient numerical methods for computing the ground state. In the ferromagnetic cases, the ground state can be always described exactly by the single-mode approximation. While in the antiferromagnetic systems, the situations can be classified into two types: (i) when M = 0, the m F = 0 component becomes zero in the ground states so that the spin-1 BECs can be characterized by a two-component reduction; (ii) if M = 0, the ground states satisfy the SMA as in the ferromagnetic systems, but the constants are not unique. Considering these properties of the ground states, we proposed numerical methods to compute the ground state of the reduced single-mode or two-component systems. Then the ground states of the original spin-1 condensates can be obtained from those of the reduced systems. Numerical results suggested that our methods give the same results as those by Bao-Lim's method in [7, 19] . However, the computing time used by our methods is much shorter and the implementation is much easier and simpler. In addition, we apply our methods to study the relation between the ground state energy and the interaction parameters β n , β s as well as the magnetization M. 
